Abstract. Design of an effective and efficient fractional order PID (FOPID) controller for an industrial control system to obtain high-quality performances is of great theoretical and practical significance. This paper presents a novel real-coded extremal optimization algorithm with multi-non-uniform mutation called RCEO-FOPID to design FOPID controllers. The key idea behind the proposed algorithm is the population-based iterated optimization, which consists of generation of a real-coded random initial population by encoding the parameters of a FOPID controller into a set of real values, evaluation of the individual fitness by using a novel and reasonable control performance index, generation of a new population based on multi-non-uniform mutation and updating the population by accepting the new population unconditionally. The proposed RCEO algorithm for the design of FOPID controller is relatively simpler than these reported popular evolutionary algorithms, e.g., genetic algorithm (GA), particle swarm optimization (PSO), chaotic anti swarm (CAS) due to its fewer adjustable parameters and only with selection and mutation operators. Furthermore, extensive simulation results on automatic voltage regulator system and multivariable control system have shown that the proposed RCEO-based FOPID controller is superior to other reported evolutionary algorithms-based FOPID and PID controllers in terms of accuracy and robustness.
Introduction
A variety of advancements have been gained in control theories and practices in the past decades [1] [2] [3] [4] [5] [6] [7] , but Proportional-Integral-Derivative (PID) control is still widely recognized as one of the simplest but most efficient control strategies in the control industry [8, 9] . Fractional order PID (FOPID) controller namely PI λ D μ controller [10] is a generalization of a standard PID controller based on fractional order calculus, and it has the ability to provide better control performance than standard integer order PID controller due to extra degrees of freedom introduced by an integrator of fractional order λ and a differentiator of fractional order μ. Consequently, FOPID controller has attracted increasing attention by the academic and industrial community [11] [12] [13] [14] [15] [16] [17] [18] in the recent years. On the other hand, the introduction of extra parameters in a FOPID controller also increases the difficulty of tuning satisfied values of parameters, so how to design and tune an optimal FOPID controller to obtain high-quality performances including high stability, satisfied transient response, excellent steady performance, and good robustness, is of great theoretical and practical significance, but is still an open issue. Some researchers have made a great deal of efforts to deal with this issue by means of analytic methods [19] [20] [21] [22] [23] [24] [25] and evolutionary algorithmsbased methods, e.g., genetic algorithm (GA) [13] , chaotic ant swarm (CAS) [13] , particle swarm optimization (PSO) [26] , differential evolution (DE) [27] , artificial bee colony algorithm [28] , hybrid 359 algorithm combing electromagnetism-like algorithm and GA [29] , multi-objective optimization algorithms [14, [30] [31] [32] . However, this paper focuses on an alternative novel optimization algorithm called realcoded extremal optimization (RCEO) in the attempt to obtain better performance.
Extremal optimization (EO) [33, 34] is a novel meta-heuristics optimization algorithm originally inspired by far-from-equilibrium dynamics of selforganized criticality (SOC) [35, 36] . Unlike traditional evolutionary algorithms, it merely selects against the bad instead of favoring the good randomly or according to a power-law probability distribution, and the mechanism of EO can be characterized from the perspectives of statistical physics, biological coevolution and ecosystem [37] . The original EO algorithm and its modified versions have been successfully applied to a variety of benchmark and real-world engineering optimization problems, such as graph partitioning [38] , graph coloring [39] , travelling salesman problem [40, 41] , maximum satisfiability (MAX-SAT) problem [42, 43] , numerical optimization problems and multi-objective optimization problems [44, 45] , community detection in complex network [46] , steel production scheduling [47] , design of heat pipe [48] , and unit commitment problem for power systems [49] . The more comprehensive introduction concerning EO is referred to the surveys [50, 51] .
It should be noted that the original EO algorithm and most of modified versions are with individualbased evolutionary mechanism and binary-based mutation operator for combinatorial optimization problems. Nevertheless, there are few reported modified EO algorithms with population-based evolutionary mechanism for continuous optimization problems [44, 59, 60] , and these algorithms have never been extended to design FOPID controllers. Mutation operator plays a key role in populationbased EO search that generates new solutions [44] . The existing population-based EO algorithms are with random mutation or hybrid Gaussian and Cauchy mutation or polynomial mutation operators. A natural idea is to introduce other mutation operators in realcoded population-based EO algorithms and test whether the performance of the modified algorithms with other mutation operators can be improved. In fact, the effects of different mutation operators on the performance of other reported evolutionary algorithms, e.g., GA, have been studied in a recently reported work [61] . Extensive experimental results have shown that multi-non-uniform mutation (MNUM) performs better than random mutation (RM), non-uniform mutation (NUM), polynomial mutation (PLM), and power mutation (PM) in realcoded GA algorithm for continuous optimization problems. Motivated by these above mentioned research results, we introduce this effective mutation operator called MNUM in population-based EO in this paper. To the best of the authors' knowledge, MNUM is adopted in population-based EO firstly, although it was originally developed for GAs.
On the other hand, the applications of EO to the design of PID controllers are relatively rare [52, 53] . To the best of our knowledge, there is only few reported research work concerning the optimum design of FOPID controllers based on EO. In our recent work [54] , a multi-objective individual-based EO algorithm is proposed to design a FOPID controller for an automatic voltage regulator (AVR) system, which is used to maintain the terminal voltage of a synchronous generator at a desired level. This paper presents a novel real-coded population-based EO algorithm with multi-non-uniform mutation called RCEO for the design of FOPID controllers. The basic idea behind the proposed algorithm is the populationbased iterated optimization, which consists of generation of a real-coded random initial population by encoding the parameters of FOPID controller into a set of real values, evaluation of the individual fitness by using a more reasonable control performance index, generation of new population based on multinon-uniform mutation (MNUM) [55] , and updating the population by accepting the new population unconditionally. The proposed RCEO algorithm for the design of FOPID controller is relatively simpler than these reported evolutionary algorithms, e.g., GA [13, 56] , PSO [13, 56] , CAS [13] , due to its fewer adjustable parameters and only with selection and mutation operations. Furthermore, a large number of experimental results on some typical benchmark control systems, e.g., AVR system and multivariable control system will demonstrate the superiority of the proposed RCEO-FOPID method to other reported evolutionary algorithms.
The rest of this paper is organized as follows. In Section 2, we give preliminaries concerning FOPID controller, AVR and multivariable fractional-order control system. Section 3 presents the proposed RCEO algorithm for the design of FOPID controller in AVR system. The simulation results on AVR system and multivariable control system are given and discussed in Sections 4 and 5, respectively. Finally, we give the conclusion and open problems in Section 6.
Preliminaries

Fractional order PID controller
As one the most commonly used definitions for fractional differ-integral, Riemann-Liouville (RL) definition is given as the following form [57] :
where Γ(.) is the Gamma function. The Laplace transform of RL fractional derivative (1) is expressed as follows: Fig. 1 
where KP, KI, and KD are proportional, integral, and derivative gain, respectively, λ and μ are the fractional order parameter of integrator and differentiator, respectively, and λ>0, μ>0.
Note that the standard integer order PID controller is one of the special FOPID controller with λ=1 and μ=1.
From the perspective of time domains, the PI λ D μ controller is also expressed in the following form:
AVR system
An AVR system [56] consists of four main components including amplifier, exciter, generator, and sensor. More details concerning the transfer functions with the range of parameters modeling these components are shown in Table 1 . Here, K A , K E , K G , and K R are the gains of amplifier, exciter, generator, and sensors, respectively, and τ A , τ E , τ G , and τ R are inertia time constants of amplifier, exciter, generator, and sensors, respectively. The block diagram of an AVR system with a FOPID controller is given in Fig. 2 
where K Pij , K Iij and K Dij are proportional gain, integral gain, and derivative gain, respectively, and λ ij and μ ij are fractional order parameter of integrator and differentiator, respectively. Figure 3 . A multivariable fractional-order control system with a multivariable FOPID controller 
Performance criterion for a FOPID controller
In most of the previous research works, the integral absolute error (IAE), or the integral of squared-error (ISE), or the integral of time-squarederror (ITSE) are often used to evaluate the control performance of a control system with a PID or FOPID controller. However, IAE and ISE result in a response with relatively small overshoot but a long settling time, and the derivation process of the analytical ITSE formula is generally complex and time consuming [56, 62] 
where Mp, Ess, tr, ts are overshoot, steady-state error, rise time, and settling time, respectively, e(t) is the system error,
Ts is sample time, u(t) is the control output at the time t, w1, w2, w3, w4, w5, w6 are weight coefficients, and w6 >>w4. For a multivariable fractional-order control system with multivariable FOPID controller, the fitness F(S) is the sum of the fitness of all sub-FOPID controllers. 
In general, the basic design framework of optimization algorithm-based FOPID controller is shown in Fig. 4 . More specifically, the basic idea behind the proposed RCEO-based FOPID controller design algorithm is the population-based iterated optimization, which consists of generation of a real-coded random initial population by encoding the parameters of FOPID controller into a set of real values, evaluation of individual and population fitness by using a more reasonable control performance index according to definition 2, generation of a new population based on multi-non-uniform mutation (MNUM), and updating the population by accepting the new population unconditionally. Fig. 5 presents the flowchart of the proposed RCEO-based FOPID controller design algorithm. The details of the proposed algorithm are described as follows:
RCEO-based FOPID contrller design algorithm
Input: A control system with a FOPID controller and the ajustable parameters including population size NP, maximum number of iterations I max , and shape parameter b used in MNUM. Output: the best solution S best and the corresponding best fitness F best .
Step 1. Generate an initial population PI={S 1 , S 2 , …, S NP }with the size NP randomly, where each solution
, where L and U are the lower and upper bounds of FOPID control parameters, respectively, and R i is a set of uniformly distributed random values between 0 and 1.
Step 2. Evaluate the fitness F i of each solution S i in population P according to equation (7), rank all the solutions according to {F i , i=1, 2, … , NP} , i.e., find a permutation П of the labels i such that (1) 
, and obtain uniform mutation (MNUM) [55] . The detailed process of S Ni is described as the following equations (8) and (9):
where t is the current number of iteration, both r and r 1 are uniform random numbers between 0 and 1, and b is the shape parameter used in MNUM.
Step 5. Evaluate the fitness F Ni of each solution S Ni in PN according to equation (8) and obtain the best fitness F Nb = min{F Ni , i=1,2,…,NP} in PN and the corresponding best solution S Nb .
Step 6. If F best ≥ F Nb , then set S best = S Nb and F best = F Nb ; otherwise, keep S best and F best unchanged.
Step 7. Accept P=PN with S NNP =S best unconditionally.
Step 8. Repeat the steps 2 to 6 until the stopping criterion, e.g., the maximum number of iteration I max is satisfied.
Step 9. Output the best solution
and the corresponding best fitness F best .
Start
Generate an initial population P I ={S 1 , S 2 , …, S NP }with the size NP randomly, where each solution
and set P= P I
Evaluate and rank the fitness F i of each solution S i in population P according to definition 2, and obtain the best fitness F best and the corresponding best solution S best . In the above described algorithm, RCEO has only selection and mutation operators, but without crossover operator. The parameters including the size of population (NP), the maximum number of iterations (I max ), and the parameter b used in MNUM play critical roles in controlling the performance of RCEO. The effects of these parameters on the performance of RCEO will be analyzed in the next section. The comparison of adjustable parameters used in different optimization algorithms-based FOPID and PID controller design algorithms is shown in Table 2 . It is clear that the proposed RCEO is simpler than other reported evolutionary algorithms, e.g., GA [13, 56] , PSO [13, 56] , and CAS [13] , due to not only its fewer control parameters, but also with only selection and mutation operators. Some previous research works (e.g., reference [44] ) have compared the computational complexity of population-based EO, GA and PSO. The computational complexity of EO is lower than that of GA and PSO. Furthermore, the superiority of the proposed RCEO-based FOPID controller to these reported evolutionary algorithms-based FOPID and PID controllers in terms of accuracy and robustness will be demonstrated by a large number of experimental results in the next section.
Simulation results for AVR system
To demonstrate the superiority of RCEO to other reported evolutionary algorithms, such as GA [13, 56] , PSO [13, 56] , CAS [13] in terms of accuracy and robustness, this section gives the simulation results on AVR system with FOPID or PID controller based on these evolutionary algorithms. For a fair comparison, the parameters of AVR system are set as the same as in the previous research work [13, 56] :
01. The lower and upper bounds of each FOPID control parameter are set as in [13] : 0≤K P ≤3, 0≤K I ≤1, 0≤K D ≤1, 0≤λ≤2, 0≤μ≤2 and the sample time T s is set as 0.01 second. The parameters used in Oustaloup approximation are set as ω l =0.001ω c , ω h =1000ω c , approximation order N=6, where ω c represents the gain cross frequency. The weight coefficients are set as follows: w 1 =1, w 2 =50, w 3 =1000, w 4 =0.999, w 5 =0.001 and w 6 =100 by considering the control performance comprehensively based on some experiential rules [53] . In the practical experiments, these weight coefficients are also determined appropriately by trial and error. The main adjustable parameter settings for different optimization algorithms-based FOPID and PID controller design methods in experiments are shown in Table 3 . It should be noted that each evolutionary algorithm is executed ten independent runs and all the experiments have been implemented by using MATLAB software based on FOMCON toolbox [58] on a 3.10 GHz PC with processor i5-2400 and 2 GB RAM.
Comparison with other evolutionary algorithms-based FOPID controllers
To illustrate the good convergence characteristic of the proposed RCEO algorithm for FOPID controller, we present typical optimization process of the best fitness so far and five parameters in FOPID controller based on RCEO algorithm shown in Fig. 6 . Table 4 presents the comparative simulation results of RCEO with different mutation operators including MNUM, NUM, PLM and PM. The statistical performance of these RCEO algorithms with different mutation operations is evaluated by the best fitness, the average fitness, median fitness, the worst fitness and standard Deviation (SD) obtained by 20 independent runs for each algorithm. It is clear that RCEO-MNUM-FOPID obtains better statistical measures than RCEO-NUM-FOPID, RCEO-PLM-FOPID and RCEO-PM-FOPID. Table 5 presents the FOPID parameters and the performance corresponding to the median fitness obtained by RCEO with different mutation operators, and the best parameters of FOPID controller and the best performance obtained by CAS with β=1 and β=1.5 [13] , GA [13] , PSO [13] , and MOEO [54] . For the convenience of comparison, the performance of these algorithms is evaluated by the best fitness F b according to definition 2, overshoot M p (%), rise time t r (seconds), settling time t s with 5% steady-state error (seconds), and steady-state error E ss . The terminal voltage step responses of AVR system with different evolutionary algorithm based FOPID controllers are compared in Fig. 7 . Clearly, all performance indices obtained by RCEO-FOPID are better than or at least the same good as those by CAS-FOPID with β=1 and β=1.5, PSO-FOPID, GA-FOPID, RCEO-NUM-FOPID, RCEO-PLM-FOPID, and RCEO-PM-FOPID. In addition, RCEO-FOPID outperforms MOEO-FOPID [54] in terms of all performance indices but t r . 
Comparison with other evolutionary algorithms-based PID controllers
On the other hand, to further demonstrate the superiority of RCEO-FOPID controller to other evolutionary algorithms-based PID controllers, we give the experimental results on AVR system with RCEO-FOPID, RCEO-PID, CAS-PID with β=1 and β=1.5 [13] , PSO-PID [56] , and GA-PID [56] . The best parameters of these above controllers and the corresponding performance are shown in Table 6 , and the comparison of the terminal voltage step responses of AVR with RCEO-FOPID controller and other evolutionary algorithms-based PID controllers are presented in Fig. 8 . Evidently, the performance of RCEO-FOPID controller is better than that of other evolutionary algorithms-based PID controllers, such as CAS-PID with β=1 and β=1.5 [13] , PSO-PID [56] , and GA-PID [56] . Even for the same RCEO algorithm, RCEO-FOPID controller can obtain better performance than RCEO-PID controller.
Robustness test
To illustrate the robustness of RCEO-FOPID controller againest the uncertainties of AVR system parameters, the following experiments considering generator, exciter and amplifier parameters uncertainties due to the changes in load conditions are implemented. Tables 7 and 8 present the comparative performance of RCEO-FOPID controller with other evolutionary algorithms-based FOPID and PID controllers, respectively, when the parameter K G changes from 1 to 0.8 due to the change in load condition. Additionally, the similar comparative experimental results are shown in Tables 9 and 10 when the parameter τ G changes from 1 to 1.5, respectively, due to the change in load condition. The 
RCEO-FOPID RCEO-PID CAS-PID(=1) CAS-PID(=1.5) GA-PID PSO-PID
corresponding terminal voltage step responses of AVR system are given in Figures 9 and 10 . Clearly, the proposed RCEO-FOPID controller is more robust than other evolutionary algorithms-based FOPID controllers, such as CAS-FOPID with β=1 and β=1.5 [13] , PSO-FOPID [13] , and GA-FOPID [13] , and also than these evolutionary algorithms-based PID controllers, such as RCEO-PID, CAS-PID with β=1 and β=1.5 [13] , PSO-PID [56] , and GA-PID [56] , under the uncertainty of the generator. 
Exciter uncertainty
When the exciter model parameter K E changes from actual value 1.0 to 2.0 and τ E changes from actual value 0.4 to 0.5, the comparative performance of RCEO-FOPID controller with other evolutionary algorithms-based FOPID and PID controllers is presented in Tables 11 and 12 , respectively, and corresponding terminal voltage step responses of AVR system are shown in Fig. 11 . It is clear that the proposed RCEO-FOPID controller is illustrated to be more robust than other evolutionary algorithms-based FOPID and PID controllers in the case of changes of the exciter model parameters.
Amplifier uncertainty
Here, the uncertainty of amplifier model parameters is considered, for example, K A changes from actual value 10 to 16 and τ A changes from actual value 0.1 to 0.08. Tables 13 and 14 give the comparative performance of the proposed RCEO-FOPID with other evolutionary algorithms-based FOPID and PID controllers, respectively, and Fig. 12 presents the corresponding terminal voltage step response of AVR system. It is obvious that the proposed RCEO-FOPID is also more robust than other evolutionary algorithms-based FOPID and PID controllers under the condition of some uncertainty of amplifier model parameters. 
Parameters vs. performance
As aforementioned in Section 3, the adjustable parameters NP, I max , and b used in the proposed RCEO algorithm for the design of FOPID controller play important roles in effecting the performance of RCEO and FOPID controller. This subsection presents the detailed experimental results to illustrate how these parameters affect the performance of the proposed algorithm. It should be noted that the RCEO-FOPID algorithm with each combination of values concerning NP, I max and b in the following experiment is performed 10 independent runs. More specifically, Fig. 13 presents the variation of the best fitness F b when the parameter NP varies from 10 to 50, and other parameters keep unchanged, i.e., I max =200 and b=5.5. The best RCEO-FOPID controller parameters and the corresponding performance under different NP values and the same I max =200, b=5.5 are given in Table 15 , and the corresponding terminal voltage step responses of AVR are shown in Fig. 14 . Clearly, the average value of F b becomes smaller as the value of NP increases, but the corresponding computational time T CPU also increases. In fact, the variation of the best performance of FOPID controller is relatively small though the value of NP increases. In this sense, the performance of best FOPID controller is robust for the parameter NP when the other two parameters keep unchanged.
Similarly, the effect of parameter I max on the fitness F b when NP =50 and b=5.5 is given in Fig. 15 . Table 16 presents the best RCEO-FOPID controller parameters and the corresponding performance under different I max values and the same NP =50 and b=5.5, and Fig. 16 gives the corresponding terminal voltage step responses of AVR. It is evident that the average value of F b becomes smaller as the value of NP increases, but the corresponding computational time T CPU also increases. Moreover, the performance of best FOPID controller is also robust for the parameter I max when the other two parameters keep unchanged. Table  17 , and the corresponding terminal voltage step responses of AVR are shown as Fig. 18 . Obviously, the performance of best FOPID controller is also relatively robust for the parameter b when the other two parameters keep unchanged.
Similarly, the effect of parameter I max on the fitness F b when NP =50 and b=5.5 is given in Fig. 15 . Table  16 presents the best RCEO-FOPID controller parameters and the corresponding performance under different I max values and the same NP =50 and b=5.5, and Fig. 16 gives the corresponding terminal voltage step responses of AVR. It is evident that the average value of F b becomes smaller as the value of NP increases, but the corresponding computational time T CPU also increases. Moreover, the performance of best FOPID controller is also robust for the parameter I max when the other two parameters keep unchanged.
Additionally, Fig. 17 illustrates the effect of parameter b on the fitness F b when I max =200 and NP=50. The best RCEO-FOPID controller parameters and the corresponding performance under different b values and the same I max =200 and NP=50 are given as Table 17 , and the corresponding terminal voltage step responses of AVR are shown as Fig. 18 . Obviously, the performance of best FOPID controller is also relatively robust for the parameter b when the other two parameters keep unchanged.
Simulation results for AVR system
To demonstrate the superiority of the proposed BCEO-FOPID algorithm to other reported evolutionary algorithms based PID methods, such as adaptive real-coded GA (ARGA-PID) [63] , probability binary coded PSO (PBPSO-PID) [64] [64], binary-coded EO (BCEO-PID) [53] , and RCEO-PID for multivariable control systems, the following binary distillation column plant G m (s) [65] described by equation (10) 
The lower and upper bounds of each FOPID control parameter are set as −5≤K P1 ≤5, −1≤K I1 ≤1, −1≤K D1 ≤1, 0≤λ 1 ≤2, 0≤μ 1 ≤2, −5≤K P2 ≤5, −1≤K I2 ≤1, −1≤K D2 ≤1, 0≤λ 2 ≤2, 0≤μ 2 ≤2 and the sample time T s is set as 0.1 min. The parameters used in Oustaloup approximation are set as ω l =0.01ω c , ω h =100ω c , approximation order N=5, where ω c represents the gain cross frequency. The weight coefficients are set as follows: w 1 =1, w 2 =2, w 3 =1000, w 4 =1, w 5 =0 and w 6 =100 by considering the control performance comprehensively based on some experiential rules [53] . The simulation experiments are repeated 20 times for each algorithm. The main adjustable parameter settings of RCEO-FOPID/PID and other reported algorithms for multivariable control system with decoupler are given in Table 18 .
The statistical measures of performance including the best fitness, average fitness, the worst fitness, standard Deviation (SD), and success rate (%) obtained by RCEO-FOPID and other reported evolutionary algorithms based PID controllers are shown in Table 19 . Clearly, RCEO-FOPID performs better than ARGA-PID [63] , PBPSO-PID [64] , BCEO-PID [53] and RCEO-PID in terms of all statistical measures. Tables 20 and 21 show the best parameters and the corresponding control performance of multivariable PID/FOPID controller with decoupler obtained by RCEO and other reported algorithms. Fig. 19 presents output y 1 (left) and y 2 (right) under different algorithms-based FOPID/PID controllers with decoupler. It is obvious that RCEO-FOPID obtains better performance indices, including overshoot M p1 (%), M p2 (%), rise time t r1 , t r2 , settling time t s1 , t s2 with 5% steady-state error, and steady-state error E ss1 , E ss2 than ARGA-PID, BCEO-PID, and RCEO-PID, and it performs better than PBPSO-PID in terms of all indices except M p1 (%). 
Conclusions
In this paper, a novel evolutionary algorithm called RCEO with MNUM mutation operator is proposed for the design of FOPID controller. The key operations of the proposed algorithm includes generation of a realcoded random initial population by encoding the parameters of fractional-order PID controller into a set of real values, evaluation of the individual fitness by using a novel and reasonable control performance index, generation of new population based on MNUM operator, and updating the population by accepting the new population unconditionally. Extensive simulation experimental results on AVR system have demonstrated that the designed RCEO-FOPID controller provides more accurate and robust performance than other reported FOPID and PID controllers based on these evolutionary algorithms, such as GA [13, 56] , PSO [13, 56] , CAS [13] , MOEO [54] , and RCEO with other mutation operators, e.g., RCEO-NUM, RCEO-PLM, RCEO-PM. Furthermore, the simulation results on a multivariable control system have also shown that the proposed RCEO-FOPID performs better than these reported evolutionary algorithms, e.g., ARGA-PID [40] , PBPSO-PID [9] , BCEO-PID [31] , and RCEO-PID. However, the performance of the proposed RCEO-FOPID method is further enhanced by choosing more appropriate weight coefficients and adjustable parameters. Additionally, the basic idea of the proposed RCEO algorithm will be extended to design other FOPID controllers in more complex industrial control problems. 
